Fill Ups, True / False of Limits

Fill in the Blanks

1 2ein L ;
Lt )= (x—1) sml:x_l)ﬂ x| if x=1

0.1 -1, if x=1
Be a real-valued function. Then the set of points where f(x) is not differentiable
1Suiieiiieeeiieeesneeas
Ans. 0
Solution.

_lsin L
Given £(x) = (x-1) Smr—l [xlx=1

-1, x=1

We know that | x | is not differentiable at x = 0

=1 sin———|x

x-1 Is not differentiable at x = 0.
At all other values of x, f(x) is differentiable.

= The req. set of points is {0}.

(* +x7—16x+20)

(x—2)? v =2

Letfix)=
Q.2 k. fx=2
If f(x) is continuous for all x, then k =..........

Ans. k=7

Solution. It will be continuous at x = 2 if
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k

: O +x -16x+20
Im () =f() = Im [

2
= k- tim @9 _hm(x+5) =7
x—32 (r—E}Z 11
k=1

Q. 3. A discontinuous function y =f(x) satisfying x? +y? = 4 is given by f(x)

FO=v4-x2, -2<x<0 = —/4-x, 0<x<2

AnNs

Solution. f)=v4-x},-2<x20 =—/4-x* 0€x<2

By choosing any arcs of circle x? — y? = 4, we can define a discontinuous function, one
of which is

4-x", -2<x<0
TO= | 4= 0<x<2

lim(l— x)tan — = ____

Q. 4. ==l 2
Ans. 2/nt
Solution. KEY CONCEPT

(L' Hospital rule)
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o 7)1 )

x—a g(x) x3aglx)

it Y@ s of the form S or Zor0 x .
g(a) 0
. X
ﬂ{l—r}mﬂi [form 0 * ]
- lim — =% [Fnrmg}
x—l cot{mx / 2) 0
—lim— ' [Applying L' Hospital's rule]
x—l —T 2| X
coséac
o5
=
Q. 5. Iff(x)=sinx, xZnp,n=0, = 1, £ 2,+ 3, ...cceueeuus = 2, otherwise
and g(x) = x*+ 1,x# 0,2
=4,x=0
=5 x=2,

then 2% oAX)]iS oo

Ans. 1
Solution. Given that,

f(x)=sinx,x #p,n=0, £1,+ 2,... = 2, otherwise
Andg(X) =x?>+1,x#0,2
=4,x=0=5x=2
Then lim = lim g(si lim (sin® x +1) =1
Eﬂx_mg[f{x)] x_mgtﬂﬂr)jx_m{ﬂﬂ x+1)
4 .1 2
x SID[IJ+I

lim | ——— | T
=l I+ xl)

Q.6.

Ans. -1

Solution.
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:::‘1'3.ir{l]+x2
lim |— %S

x| (1+]x[)

3
Let L= lim — [xsm[l]+l}
X—»—@m ]+|_:[|3 X X

= iS 1 [xsm(l] +l:| e
x——o | x| 1 ) x

N
P SR
a2 | x| x+m_13

I£f(9)=9. f'(9)=4. then Lim V) -3
7. 39 ‘-.llr:;—i

ANs. 4

Solution.

Given that f{9)=9, 7' (=4
Then,

-3 (FO-3)GF0+3)
by J:Tc—a = Nx-3)(x+3)

fim VX +3 i TO- 9[3+3}

x—9 f(.l'}+3 =9 x-9 3+3

L SE-SO)
= lim S5 1= p9) =4

Q. 8. ABC is an isosceles triangle inscribed in a circle of radius r. If AB = AC and
h is the altitude from A to BC then the triangle ABC has

4
_ P=2(y2hr —h*)+\[2hr) and aread=...... also lim — =
perimeter b0 P
1
Ans 2h=I. T38r
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Solution. In A ABC, AB =AC
AD 1 BC (D is mid pt of BC)
Let r = radius of circumcircle

~OA=0B=0C=r

Now BD=\BO?—0D? =\Jr* —(h—r)?

—2rh—h?

BC =22rh—h?
A

B D C

AreanfﬁABC=%xBCxAD=ﬁ«J'2m—ﬁz

A4 h2rh— i

lim = lim

B0 P k0 g(\orh— i +\2rh)
bR VS IR s 7o

2r—h

= lim ——s T
=0 8(2r —h+~2r)
_ A
82r +42r)  882r42r 128r
x+4
Lr(”ﬁ] e _
Q_ 9 x=3= x+1
Ans. e°
Solution.
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44 x+l [x-l-l)
i (229) =m{[l+_ﬂ H
r=mh v +1 T3 x+1

) "
[Using im |1+~ | =
SIng x—}E[ +x] ¢]

. 1+4/x
lim 5[&] = gsxhr::[ 1+1."x] _ Ej
& L+l

Q. 10. Let f(x) = x | x |. The set of points where f(x) is twice differentiable is

Ans. R - {0}
Solution. We have,

—xz, x<0
xz,:r?_’ﬂ
—2x, x<0
2x,xz0

2. x<0
2.xz0

f(x]=xlrl={
£ ={
f"(x}=<‘[

Clearly f" (x) exists at every pt. exceptat x =0

Thus f (x) is twice differentiable on R — {0}.

T
Let f{x)=[x] sin [m] ., where [#] ) )
11. denotes the greatest integer function. The

domain of fis... and the points of discontinuity of f in the domain are.....

Ans. (-0, - 1) U [0, «), I — {0} where | is the set of integer exceptn =-1
Solution. Thus function is not defined for those values of x for which [x + 1] = 0.
In other words it means that

O0<x+1<lor-1<x<0.... (1)
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Hence the function is defined outside the region given by (1).

Required domain is] - oo, -1[U [0, o] Now, consider integral values of x say x =n

e . e
= Hsif ——
[r+1+h] (n+1)

_{ _}_

RHL.= lim [n+h]sin
h—=0

LHL = lim[n— h]si
b, L lh]

Clearly RHL # LHL. Hence the given function is not continuous for integral values of n
(n #0, -1).

Atx =0, f(0) =0,

lim {0+ H) = llm[ff] mm =0

The function is not defined for x < 0. Hence we cannot find lim f (0 — h). Thus f (x) is
continuous at X = 0. Hence the points of discontinuity are given by | — {0} where I is set
of integers n exceptn = -1

P

fr1+5x

Q. 12. “_’n L1+3x2J

Ans. e?

Solution. KEY CONCEPT

Im g{x)log f(x)
thf{xJF(*’ =gx0

W1 xe lim 1 log 1+5x2
lim [ 1+5x° ] _ &P = | 14322

10| 1+3x°

- 5_|ug(1+5x?} 1ug(l+31)
_ 5x° 3’

Q. 13. Let f(x) be a continuous function defined for 1 < x < 3. If f(x) takes rational
values for all x and f (2) = 10, then f(1.5) =.............
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Ans. 10

Solution. Since f (x) is given continuous on the closed bounded interval [1, 3], f (X) is
bounded and assumes all the values lying in the interval [m, M] where

m =min f (x) and M = max f (x)

1<x<3=f(1)<f(x)<(3)

If m 2 M. then £ () Myst assume all the irrational values lying in the [m, M]. But since f

(x) takes only rational values, we must have m = M i.e., f (X) must be a constant
function.

As f (2) =10, we get

F)=10%xe[l3] = f(15=10

True / False
If It Lf fix) L exist.
1. x_m[fl:x}g(x}] exists then both *—= and x—fagm .
Ans. F
Solution.
Consider f(x)=M,g(x}=ﬂ
x—a |x—al
lim lim f(x)
Then x—m(ﬂx}gm} exists but neither =—a
lim g(x) exists.

T—pd
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Subjective Questions of Limits

o1 Evaluate Ha% (a=0)
2
Ans. 33
Solution.
Va+2x—3x

ligg YE s TN
a3 +X — 214"_
(wﬂ'a+2x Sxna+ 2x + B30 WBa+x + 24050
x—mwsaﬂ WriBa+x+ 2400 Wa+ 22 +45x)
(a+2x 3x)(\3a+x +24x)
x—}a(3ﬂ+1’ —4x) (vJa+2x +4/3x)

(a —DGBa+x+24x)
z—>a3(a —x)(\Ja+2x ++3x)

f:'\‘" +x+2q"_) \|'31!I+ﬂ'+2\|"—
x—>a3|[«u'ra+2;r+\.|"_) 3(Ja+2a+v"_)

Wa 2

T 3x2M3z 33

NOTE: The given limit is of the form 0/0. Hence limit of the function can also be find
out by using L' Hospital's Rule

2sinx —sin2x

x =0, find lim f(x)
Q. 2. f (x) is the integral of x’ x>0

Ans. 1

Solution.
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2smx—sin2x

f{x}=j.de, x=0

| - B

2sinx—sin2x
lim £'(x) = lim —————
x—}ﬂf @) X0 ©

. 2sinx(l-cosx)(1+cosx)
x—0 r:'{l+msx}

-3
) sin” x 1
= lim 2. }
a0  l+cosx

1
2x(l) x==1
=(1) ::-c2

 (a+h)’sin(a+Hh)—a’sing
hm(

h
Q. 3. Evaluate : "0

Ans. a2cosa+2asina

Solution.

m (a+h) sin(a+h)—a’ sina
h—0 h
_ a’[sin(a+h)—sinal+ 2ahsin(a + h)+hZsin(a+ k)

= lim
h—s h

az [Ecus[a + h] sin h}
2 2

7
2
2

= lm +2asin (a+h)
k0
+hsin(a+h)

—a?cosa+2asina

Q.4 Letf(x+y)=1(x)+f(y)for all xand y. If the function f(x) is continuous at x
= 0, then show that f (x) is continuous at all x.

Solution. As f (x) is continuous at x = 0, we have
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LHL =RHL=£(0)
= lim f(0-#)= lim f(0+A)=7(0)

= B0+ km f(-h) = f(0)+ im 7 (k) = 7(0)
-0 h—0

[ Using the given property f(x+ )= f(x)+ f ()]
= ﬂf(—ﬂ=ﬂf@)=“ ~(1)

Now let x = a be any arbitrary point then at x = a,

LHL= ;.Hﬂ}f (a—h)= Lﬂ;}[f (a)+ f(=h)]

[Using. f{x+ )= f(x)+ ()]
=f(a)+ :.H_.;i;f (-i)=r(a@ [vsingeq(1)]

Similarty RHL. = im f(a+ k) = f(a)
h—=a

Thus, we get
ﬂf(ﬂ—ff] = ﬂf(ﬂh} =fla@)

= fis continuous at x = a. But a is any arbitrary point

fis continuous ¥ x e R

fim @ g lim —zx;;
Q. 5. Use the formula **° * to find *'A+¥ -1
Ans. 21In2
Solution.
-1 . 21 Alix+l

lim = lim ®
1041+ x -1 x30-14x-1 *\.I'i+.1'+l
- fim (2" —D(V1+x+1)

x—0 1+x-1

x—
= ].-i1:|12 l.l.iJIl{\lli+I+l)
=0 X a0

=ln2. (1+1)=2In2.

1+x,0=2x=2
I—-x2=x=3

Let f(x) ={
Q. 6.
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Determine the form of g(x) = f [ f(x) and hence find the points of discontinuity of g,
if any

2+x, 0=x=1

g(x)=92-x1<x=<2 discontinuityatx =1,2

— <
AnS. 4—x,2<x=3

Solution. Graph of f (f (x)) is

Yih

- 0<x<1

3
212—3x+£=1£x£2

Q.7.

Discuss the continuity of f,f*andf* on [0, 2].

Ans. fand f' are continuous and " is discontinuous on [0, 2]

x? 3
_ Wehavwe f(x)= —.0Sx<1 =22 3¢+ -, 15x<2
Solution. 2 2

Here f (x) is continuous everywhere except possibly at x =1

= Atx=1, If'= %xl=1;Rf’=4xl ~3=1

= f is differentiable and hence continuous at x = 1

=~ f(x) is continuous on [0, 2]
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F=x0<x<1
=4y-3, 1=x=12
Atx=1,

lim f(x)= fim £'(1-h) = fim(1-h) =1

xlizlu+ f'l:x}=;:i:10f'{1+ h) = Eﬂ4(l+hj—3=1
F()=4-3=1
-~ f'iscontinuous atx=1

. f'iscontinuous on [0, 2]
2 ,0=x<1

fﬂ(ﬂ:{at 1<x<2

Clearly " (x) 1s discontinuous atx =1,
. F7(x)1s discontinuous on [0, 2]

Q.8. Letf(x)=x*-x*+x+1land

glx)=max{f(f):0=¢=x}, 0=x=1
=3-x 0=x=2

Discuss the continuity and differentiability of the function g(x) in the interval (0,
2).

Ans. cont. on (0, 2) and differentiable on (0, 2) — {1}

Solution. Given f (x) = x> - x> +x + 1

=32 —2x+1=3 (xl—g:wl]

3
[ 1]2 11
X—=| ——+=
3) T973

2
1] 2
(x—j +9]}Db’x R

Hence f (x) is an increasing function of x for all real values of x.

I
tad

Il
[

Now max V(:-0=1=x] means the greatest value of f(®n0<t<x which is obtained at t
=X, since f (t) is increasing for all t.

max [f():02i<x]=r - +x+1
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Hence the function g is defined as follows :

g()=x*-x"+x+1 when 0<x<1
=3-x when l<x=2

Now it is sufficient to discuss the continuity and differentiability of g (x) at x = 1. Since
for all other values of x, g (x) is clearly continuous and differentiable, being a
polynomial function of x.

We have, g (1) =2

g(1-0)= ;1_% [(1-hP —(1—hR+(1-h)+1]=2

g(l+0)= E_I&}[_’:—(l +h)]=2

Hence g (x) is continuous at x = 1 Now,

, A=Y —-B +(1-R)+1]-2
Lgfljl=;}tm[ﬂ Y —(1-h)" +(1-h)+1]
—0 —h
=]jm1—3h+3h3—h3—1+2h—ﬁ2+1—ﬁ+1—2
h—0 —h

2 3
_fim 22T =R _ w2 2h+ h?]=2
k=0 -h h—0

B-(1+m-2] .. —h
— - lim—=-1
B h—0 R

‘(1) = lim
Rg'(M) o
Since Z8'M*Re'M: the function g (x) is not differentiable at x = 1 Hence g (x) is
continuous on (0, 2). It is also differentiable on (0, 2) except at x = 1.

Q.9. Let f (x) be defined in the interval [-2, 2] such that

-1-2=x=0
r=10<x=2

.if"lir}={

and g(x) = f(|x [) + [f (x)]

Test the differentiability of g(x) in (- 2, 2).
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Ans. not differentiable at x = 1

Solution.
Wehavef(x)=-1, 2=2x=0
=x-1. 0<x=2
and g () =7{|x[+1f ()|
Hence g(x) involves | x |and | x -1|or |—-1]| =1

Therefore we should divide the given interval (-2, 2) into the following intervals.

L L 5
F2.21=[-2.0) [0.1) [1.2]
X=-ve + Ve +ve
|[x|=-x X X
Fix)=-1 x—1 x—1
Fxph=-1 =x—1 =x-1
Sel=-11  [x-1] =1
=1 =—(x-1) =x-1

Usingabcwem;-:;ct '
£(x) =fx|+|f(x)]
=—1+1=0inl
=x-1-(x-1)=0mI,
=x-1+x-1=2(x-1)inf
Hence g (x) is defined as follows :
0, —-2=x<1
ED=13-1), 1<x<2

Lg’(1)=0; Rg'(1)=2 (ot equal )
Hence g(x) is not differentiable atx=1.

Q.10. Let f (x) be a continuous an d g (x) be a discontinuous function. prove that f
(X) + g (x) is a discontinuous function.

Solution. Let h (x) =f (x) + g (X) be continuous.
Then, g (X) =h (X) — f (x)
Now, h (x) and f (x) both are continuous functions.

~ h (x) —f (x) must also be continuous. But it is a contradiction as given that g (x) is
discontinuous.
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Therefore our assumption that f (x) + g (x) a continuous function is wrong and hence f
(X) + g (x) is discontinuous.

Q.11. Let f (x) be a function satisfying the condition f (- x)= f (x) for all real x. If "
(0) exists, find its value.

Ans. f'(0)=0
Solution. Given that f (x) is a function satisfying

f=x)=f(x).vxeR D
Also " (D) exists

= [O)=RF(0)=Lf(0)

Now, & (0)=1"(0)

S0+ -f0) _ .,
D= R T

f{h);ftﬂ) o
Again L1 (0)=/"(0) e

- SO-I-70) _ .,
= w00 ro

= lm
h—d

oS-I _
= HT_I.{D} -3
[Usingeq. (1)]

From equations (2) and (3), we get
=>f'(0)=0

Q.12. Find the values of a and b so that the function

|rx+aﬁsinx= 0=Zx=<n/4
Jx)={2xeotx +b . nfdsx<mn/2
acos 2x—bsinx . mi2<x=Em

Is continuous for 0 < x <.

Ans.
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a=" p=-1
6° 12

Solution. Given that,

X+ a«ﬁsinx L0

[Fa
=
M

f(x)=92xcotx+5

I
-
14
ralE A

A
-
I
E|

ba|a 1A

acos?y—bsinxy |

is continuous for 0<x<m

o
« f (x) must be continuous at ~ * 2

lim f{x}=f[§]

{5
= ]imf[E—h)=2—n tE b
h=0" 4 4 4

= ]jm[E—.h)HJ 25in[£—h]=£+b
h—0 4 4 2

= Tia=Zip
4

= ag-b=

()

|3 pa| =

Also, I _7(9) =f[%]

X

2
= ljmf[E+ﬁ]=1_EmtE+b
k0" L2 2 2

= nmamsz[5+h]—asin[ﬁ+h]=b
=0 2 2
= acusn:—asin%=b = —_g—b=h

= a+2b=0 2
Solving (1) and (2), we get 4= %andb= %
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Q.13. Draw a graph of the functiony = [x] + | 1 - x|, -1 < x < 3. Determine the
points, if any, where this function is not differentiable.

Ans.x=0,1,2,3
Solution. We have, [X] +|1-Xx|,-1<x<3
NOTE THIS STEP

-1+l-x .-1=x<0
0+1-x ,0=x<1

o y=q1-1+x A=x<2
2-1+x ,2x<3
I-l+x ,x=13

—x , -1=x<0
1-x, 0=x<l1
or ¥=+x , l=x«2

l+x, 2=x<3
2+x, x=3

From graph we can say that given functions is not differentiable at x =0, 1, 2, 3.

1-cosdx
3 x=0
X
Let fi{x)=+a, x=10
Jx
—_— x>0
Q.14 V16++/x —4
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Determine the value of a, if possible, so that the function is continuous at x =0

Ans.a=8

Solution. We are given that,

l—c:c;sdtx x<0

f=ta x=0

x
J16+ /x4
Here LHL at(x=0)
_ lim 1—cns4{ﬂ}— i) T l—mzsdth
h—=0  (0-h) h=0  h
. 2
_ lim 2sin 22.:‘:
h—0  4)
BEHLat(x=0)

x>0

4=8

Cfim _ YOth L VR(A6+R+4)
h=0 J16+0+h -4 ho0 16+h—16

=I!imu1!16+ﬁ+4=ﬂ"l_ﬁ+4=ﬂ
_}

For continuity of function (), we must have
LHL =RHL=£(0)
= f(l)=8= a=8

Q.15. A function f: R — R satisfies the equation f (x +y) = f (x) f (y) for all x, y in
R and f (x) # 0 for any x in R. Let the function be differentiable at x =0 and f' (0) =
2. Show that f* (x) = 2 f (x) for all x in R. Hence, determine f (x).

Ans. f (x) = e

Solution. We are given

Ja+y)=f() f(). ¥ x.y eR

f(x)#0, for any x

f is differentiableat x =0, f ' (0) = 2

To prove that f'(x)=2f{x). ¥ x =R and to find f(x).

We have for x =y =0
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f(0 +0) = (0) f (0)
= f(0)=[f(0)]2=f(0) =1

Again () = 2
— i JOHA-FO) _ 5 i JOSB-FO) _,
=0 h h—0 h
= i JOU@-1_,
h—s0 h

= @ ) [Usngro)-1]
=0 h

Now, 7'(x) - im TEE 0T

@) f)-rx) . Jh)-1
= Jm h =:,h_“,i;f':x}[ h )

P
. fim-1

- /(x) Eﬂ[—h }

=flx).2 [Using eq. (1)]

=)

Also, 730 _»
f

Integrating on both sides with respect to x, we get
log|f(x)| =2x+C
At x=0, logf(0)=C = C=log1=0
log|f()|=2x = flx)=¢"

Find I ftan(r/ 4+ )}/

Q.16.
Ans. e?
Solution. 1
1 . X
()] - 2
[Using fim f() =m0+ ]
X—pa
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Im 0
= gx— x [ﬁfm}
sacz{ﬂﬂ:]
. 4
Lm
S
=¢é [Using L' Hospital's rule]
2
—el =¢°
Q.17.
{1+ |siny [}2/FRA % cx<l
Let fix)=| b : x=0
eta.nﬂxs'ta.'lﬁx - Oex< T

Determine a and b such that f(x) is continuous at x = 0

2
a==, p_ 23
Ans. 3
Solution.
a

(1+ | sin x [)/== _Tj":.:x*:ﬂ
Given that, f(x)=4<& .x=0

tan 2x

gtanix D<xer
[
15 continuous at x =0
lim f{0—i= (0= lim f{0+h
F!—}ﬂf( )= (0) h—mﬂ )
We have,
a
lim f(0—A)= lim[l+|sin(—A) [JF=CHI
Jlim £(0~1) = lim[L+ sin(-#) ]
a
= lim[1+sin k] 5ok
h—}ﬂ[l ]
- a -
hmmalugﬂ+smkj=gd

and f(0)=b
- ei=b (1)
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tan 2k
Also lim f(0+#) = lim gtan3k
h—0 h—0

bm ta::.2.i|,lc 3k J_c2

—or>0 2 3k 3 _ o

2

Soed=b -2
From (1) and (2)
2 ’ 2
A _hopgl — a=§:mdb=e3

L j{x+y)=f[x)+f(.v}
Q.18. 2 2 for all real x and y. If f '(0) exists and equals — 1 and f (0)

=1, find T (2).
Ans. f(2) =-1

Solution.

f[rﬂ*) _ @+

2 2 -~

Puttingy =0and f (0) =1 in (1), we get

7(3)-3r@en

f(x)=1f(5}j—1 e

Nm} fl(x:l=bguf(x+ﬁ;_f(x}

L ATre QN
- b TERTED_p)

- It l[ﬂf () -D+@fW-1)
h—0 R 7

—f(x)],
by (2)
1
= h{}fﬂglf{-‘i)—ll

_ g JW-70O)

L F SR r0)=-1
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Hence f'(x) = — 1, integrating, we get
f (X) =—x + c. Putting x =0, we get
f(0O)=c=1by (@) ~f(X)=1-x
f(2=1-2=-1

Q.19. Determine the values of x for which the following function fails to be
continuous or differentiable:

1-x, x=1
flx)y=¢1-x)2-x), 1=2x=2
J—x. x=2

Justify your answer..
Ans. f is continuous and differentiable at all points except at x = 2.
Solution. By the given definition it is clear that the function f is continuous and
differentiable at all points except possible at x =1 and x = 2.
Continuity atx =1
LHL = j!l_%[l—(l—h}]=ﬂh=ﬂ
RHL = lim[1— (1 +A)][2—(1+ A)]

h—0

= ;l_t&]{—ffﬂ—h}} =0
Also, f(1)=0
LHL =RHL =f(1)=0

Therefore, f is continuous at x = 1

Now, differentiability at x = 1
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IA=P=10 ;5

L= hm
=l|m—u A=M=0_ 4im {h]——l
h—=0 —h R0\ —h
and RF'(l)= hmf{(l#;} S
_ i 8- (A-M} 2-Q1-h)} -0
—0 h
=Iij=ljm(h—1}=—l
=0 R h—=0

Since Lf' (1) =Rf' (1)
Hence, fis differentiable at x =1

Continuous at x = 2

L.I-E.=j!i_%[l—(2—k}][2—(2—ﬁ}]
im{(-1+H)} {h}=0

h—0

andB HL. = Eﬂ[j—(z +1)] =hllj>-i}(1— =1

Since L.H.L.# R.H.L., therefore f is not continuous at x = 2. As such f cannot be
differentiable at x = 2. Hence f is continuous and differentiable at all points except at x
=2.

Q. 20. Let f (x), x > 0, be a non-negative continuous function,

let F(x)= J' fit)df,x=0.If for some ¢ > 0,f(x) £ cFx)
and 0 for all x > 0, then show that f(x) = 0 for

all x> 0.

Solution. Given that,

F)= j'ﬂx F(0)dt

NOTE THIS STEP
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#F'(x) = (x).1-f (0).0

[Using Leibnitz theorem]

= F'@)=f) (). 7x20

Also F(0) = J’; f(6)dt=0
But given that f{x) < cF(x), ¥x=0
We get f(0)=cF(0)=0
f@=0 (2

But ATQ f (x) is non- negative continuous function on [0, o)

Fx)20

F(®z0 -3)
From (2)and (3) £(0) =0
Again f(x) £cF(x)¥ x = 0, we get

FxX)-cF(x)=0
= Fi{x)-cF(x)£0,¥x=0 [Using equation (1}]

EFF (M) —ece ™™ F(X) <0

[Multiplying both sides by e * (1.F.) and keeping in
mind that e >0,V x]

= %[E“F(r}] <0

= EW)=e™F) i a decreasing function on [0,:0).
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Thatis g(x) = g(() forall x=0
But g (0)=F(0)=0
g(x)20,¥xz0
= g “F(x)20,vx20
= Fx)=0,vx=0
JX)EcF(x)=20, vx=0
[. e=0andusing f(x)=cFx)]
= fi(x)20,vxz0

Butgiven f(x)=0
= flx)=0,¥x=0.

Q. 21. Let a € R. Prove that a function f: R — R is differentiable at a if and only if
there is a function g : R — R which is continuous at a and satisfies f(x) - f(a) = g(x)
(x-a)forall xeR.

Solution. (I) g is continuous at o and

J@) - flo)=glx)(x—o),¥YxeR
= Since g is continuous at x= o
and g(o~ L=
r—o
We should have, ]ﬂ g(x) = gl(o)
i T @) -7 @) _

e —— (o) = f(o)=gla)

() -- f(x)isdifferentiable atx=o
im TS _ 210
A— X—0
exists and is finite.

Let us define,
fO-f@
E(xX)= x—o
J o), X=a
Then. fx)—flo)=(-w)g (). ¥ x= a.
Now for continnity of g (X) atx=a
tim g(o) = lim 70T _ g _ g
x—¥ T X—CL
£ is continuous at x = oL
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+ if x<0
Let f=4 = 5 5V ang
|x=1] if =x=0,

Q. 22.

- x+1
glx)=
(x-1°+b if x20,

if x<0

Where a and b are non-negative real numbers.

Determine the composite function g o f. If (g o f) (x) is continuous for all real x,

determine the values of a and b. Further, for these values of aand b, isgo f

differentiable at x = 0?

x+a+l. if x<—a
|::vc+a—1)2 +hifasx<0

B(f(x))= 2 b jfﬂixil,a=1,b=ﬁ,gnsf‘isdiﬁermt:iablcat:r=ﬂ
x-2%+b ifx>1

AnNS.
Solution. Given that

£ 1< x+a, if x<0

r+a X
_ ’ “{1-x. if 0<x<l
7 {|x—l|, ifrzﬂ} X x

x-1, if x=1
(x+1) , if x<0
and g(x) = 2 :
(x-1)"+b, if x=0
where g.b >0

Then (gaf) (x) =glf(x)]
NOTE THIS STEP

f(0)+1 if f(x)<0
Nr@-1P+5. if f020

(Using definition of g(x)
Now, f (X) <Owhenx+a<0ie.x<-a

f(xX)=0whenx=—-aorx=1
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f(x)>0when—a<x<lorx>1

(F()+1,

[F()-1F +&,
Lf(x)-1F +5,
Lf(x)-1F +5,
L) -17 +5,

glf(x)=

if
if
if
if
if

X< —a
x=—aorx=1
—a<x<0
0=x<l1

x>1

[Keeping in mind that x = 0 and 1 are also the breaking points because of definition of f

()]
X+a+l,
) ~ (x+a—n2+h
- Erel= 1+x)-172 +5,
(x-1-1)2 +5,

if
if
if
if

X< -—a
—a<x=<0
0=x<1

x>1

Substituting the value of f (x) under different conditions).

x+a+L2 if x<—-a
_Jx+a-1)" +b, if —a=zx<0=7F(x)say)
U I=12 45, if 0<x<1
(x-2%+b,  ifx>1

Now given that g of (x) =F (x) is continuous for all real numbers, therefore it will be

continuous at — a

= LHS=RH.L=f(a)

lim F(-a—h)=lim F(-a-+h) = f(-a)

Now,

MHFGﬂ+h}=Hm&ﬂ+ﬁ+a—ﬂz+b=1+b
h—0 h—0

F(—a)=1+b

Thus we should have1=1+b = b =0.

lim F{—a-h)= lim{(-a-h+a+1)=1
h—0 h—0

Again for continuity at x =0
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LHL=£{0)
= hllfuf(ﬂ—?i) =10

= hli_[:ijf(—h+a—l}2+b=in = (a-12=0 = a=1

Fora=1andb =0, g of becomes

x+2, x<-1
gof(x)=1 x%, -1<x<1
(x-2)° x>1

Now to check differentiability of g of (x) at x = 0 We see, g of (x) = x? = F(x)

= F ' (x) = 2x which exists clearly at x = 0. G of is differentiable at x =0

Q. 23. If a function f : [-2a, 2a]—R is an odd function such that f(x) = f(2a — x) for
X €[a, 2a] and the left hand derivative at x = a is 0 then find the left hand
derivative at x = — a.

Ans. 0

Solution. Giventhatf:[-2a,2a] —» R

f is an odd function.

Lf'atx=aisO.

. m/@-h-1@
h—=0

—h
. fla—-m-fla) _
o T 20 0

To find Lf ' at x = —a which is given by
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lim Jfa-h-j(-a) _ Hm —fla+h)+ f(a)
h—0 —h h—s0 —h

[ fl=x)=—f(x)]
_ lim fla+h)-fla)

k=0 k

Substiting this values in last expression we get

I o= jim SOD=I@

=0 [Using equation (1]
Hence L' (—a)=0

0. 24 f1©0)= lim nf[%] and fl0) = 0.

s (emteci(l)-2)

Using this find

al
cos 1 —
n

F
£ —_
2

Solution. To find,

forter ()]
T

where f(x) = [(l+x) cos T x— ] such that
13
2

7= [um} cos™10- 1] _1-0

:=1IM

— 0
=~ Using given relation as Hm'!r[nj AL

then given limit becomes
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Ifle| = — and fix . i ] ] .
Q. 25 2 and f(x) is a differentiable function at x = 0 given
bm_l(c;x) —=—<x=0
by fi(x)=+ % x=0
a2
e -l O<x<—
X

Find the value of ‘a’ and prove that 64 b’ = 4 — ¢?
Ans. 1
Solution. Given that, f (x) is differentiable at x = 0.

Hence, f (x) will also be continuous at x =0

ah
) . el -1
= ﬂf(ﬂ+h}=f(ﬂ) = FP_% W

e

ah

et 1 a 1
——x—=— = g=1
h—0 ah 2 2

2
Also differentiability of f (x) at x = 0, gives

L (M=EF ()
= i O=N-SO) _ . SO+ -7 (O)
h—0 —h k0 h

ak
bsm_l[c_ﬁ)—l gl _1_1
2

= lim 2 2 = lim
k=0 —h h—0 h
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[Using L Hospital's rule]

2 -1 g2 —1
a0 4 h—s0 E(h] [Putting a=1]

2
2 _2
b =l::=4b= 1_6_231151:!2=4 ¢
el g 4 4
1-
4
= 64b'=4—c  Hence proved.

Q.26. Iff(x-y)=1(x) xg (y) - F(y)xg (x) and g (x -y) = g (x) x g (y)- f (x)xf (y) for
all x, y € R . If right hand derivative at x = 0 exists for f(x). Find derivative of g(x)

atx =0
Ans. 0

Solution. Given that,
fx=y)=f(x).g()-f().9()..()
g(x=y)=9(x). g y)+fx) fy)..(i)
In egn. (i), putting X = y, we get
fFO=FfX)gx)-fx)g(x)pf(0)=0
Putting y = 0, in eqn. (i), we get
f(x)=1(x)g(0)-f(0)g(x)

= f(x) =f(x) g (0) [using f (0) = O]
>g((0)=1

Putting x =y in eqn. (ii), we get
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g (0)=g9()g(x)+f(x)f(x)
= 1=[g ()1 + [f (x)]* [using g (0) = 1]

= [9 ()12 =1-[f (x)]*...(iii)

clearly g (x) will be differentiable only if f (x) is differentiable.

=~ First we will check the differentiability of f (x) Given that Rf ' (0) exists

ie, im 7 ON-TO) i
h—=0

e fim JQECH-FNED oo
h—0 h

ie. Im1ﬂ exists (using F(0)=0and g(0)=1)
=0 R

Which can be written as,

- SO=SCER)
im /OB 17

= If (O=Rr(©0)
- fisdifferentiable, atx=0

Differentiating equation (iii), we get

()" x)==2x) S ()

Forx=0
= g(0).£'(@=—-r0S"(0)
= g(®=0 [Using f{0)=0and g (0)=1]
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Match the following Question

Match the following

DIRECTIONS (Q. 1 and 2) : Each question contains statements given in two
columns, which have to be matched. The statements in Column-I are labelled A, B,
C and D, while the statements in Column Il are labelled p, g, r, s and t.

Any given statement in Column-1 can have correct matching with ONE OR
MORE statement(s) in Column-II.

The appropriate bubbles corresponding to the answers to these questions have to
be darkened as illustrated in the following example: If the correct matches are A-
p, sand t; B-q and r; C-p and q; and D-s then the correct darkening of bubbles
will look like the given.

P g r 5 t

00000
©lq]: 160
00OGE®
POOO®

0aW e

Q. 1. In this questions there are entries in columns | and Il. Each entry in column |
Is related to exactly one entry in column Il. Write the correct letter from column Il
against the entry number in column I in your answer book.

Column I
. (p) differentiable everywhere
A : .
EBJ:" ﬂ : E:?[KD (q) nowhere differentiable
(r) notdifferentiable at 1 and—1

Column I

Ans. (A)-p, (B)-r

Solution, @Wsin(rxD=0,¥ xR

=~ Differentiable everywhere.
~(A)—(p)

(B) sin (p (x - [x])) = (x)
We know that
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=xif0=x<1
r—[xly=x-1ifl=x<2
=x—-21f2<x<3

S

It’s graph is, as shown in figure which is discontinuous at ¥ * = Clearly x — [x] and
hence sin (p (x — [X])) is not differentiable ¥ * €%

(B)—r

Q. 2. In the following [x] denotes the greatest integer less than or equal to x. Match

the functions in Column | with the properties in Column Il and indicate your
answer by darkening the appropriate bubbles in the 4 x 4 matrix given in the

ORS.
Column I Column IT
(A) x|x| (p) continuousin (-1, 1)
® x| (q) differentiable in (-1, 1)
iC) x=+[x] ) strictlymcreasing in (-1, 1}

D |x-1|+|x+1]| (s) notdifferentiable at least at one point in (-1, 1)

Ans. (A)-p,q,r;(B)-p,s;(C)-r,s;(D)-p,q
Solution.

—x? if x<0

@ yﬂlxl:{ﬂ if x>0

Graph is as follows :

¥

-1
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From graph y = x| x| is continuous in (— 1, 1) (p)
differentiable in (- 1, 1) (q)
Strictly increasing in (-1, 1). (r)

(B)

y=m={xf—_x ifx <0

Jxo ifx>0
{where y can take only + ve values}
andy?=x,x>0

=~ Graph is as follows :

¥

Xt —
-1 a 1

¥
From graph y=yIx| is continuous in (=1, 1) (p) not differentiable at x = 0 ()

(C) NOTE THIS STEP

x-1 —-1=x<0
y=x+[x]=4x, 0=x<l1
x+1, 1=x<2

~ Graph of y = x + [x] is as follows :
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From graph, y = x + [X] is neither con tin uous, nor differentiable at x = 0 and hence in

(-11).(s)

Also it is strictly increasing in (- 1, 1) (r)

-2x, x<-1
Dy y=lx-1|+|x+1E=52, —-1£x <1
2x, x=1

Graph of function is as follows :

|
o

From graph, y = f (x) is continuous (p) and differentiable (q) in (— 1, 1) but not strictly
increasing in (- 1, 1).

DIRECTIONS (Q. 3) : Following question has matching lists. The codes for the list
have choices (a), (b), (c) and (d) out of which ONLY ONE is correct.

Q.3.Letfi: R SR, f>: [0, 0)—R, fs : R >R and {1 :R — [ 0,00) be defined

Get More Learning Materials Here : & m &N www.studentbro.in



x| if x<0,
filx)= & if x20:
by

_ [sinx if ”ﬂ’andf{x}= AlA(x)  if x<o,
'ﬁ{ﬂ:"z; f3(x)= xif xz0; ! fgl{fl[:x}—l if xz0.

List-T List-I
P. fyis 1. Onto but not cne-one
Q. fis 2. Neither continuous nor cne-one
R. fhof]is 3. Differentiable but not one-one
5. fais 4. Continuous and cne-one
P QRS F Q R §
@ 3 1 42 ® 1 3 42
© 3 124 @ 1 3 24
Ans. (d)
Solution:
xz, x<0
P(l): fy(x)=1
e =1L x=0

Range off, = [0.00)
- fy 1s onto

From graph f; 1s not one one.

smx, x=0
00): fgi.r}={x e

From graph f is differentiable but not one.

ROQ) frof; I[x] _ {r*, x <0

2
et x=20

From graph f; of1 is neither continuous nor one.

S@): £ (x)=x%.x[0.0)
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Integer Value Correct Type

Q.1 Letf:[1, ) — [2, o) be a differentiable function such

F(1)=2 1 6] f(f)dt = 357 (x) — x°
1

that for all x > 1, then the value of f (2) is

Ans. 6

Solution.
6, (et =337 (x)—x°
Differentiating, we get 6f (x) = 3 f (x) + 3xf '(x) — 3x?

=f'(x)- %f{x}=x

IF.=

el

. Solution is f (x). % - [1dr-x+c
o (X) = %%+ cx
Butf(l)=2=c=1
S f(X)=x2+x
Hencef(2)=4+2=6
Note : Putting X = 1 in given integral equation, we get
1
f(1)= 3 while given(1)=2.
=~ Data given in the question is inconsistent.

Q. 2. The largest value of non-negative integer a for
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1-x

—ax+sin(x—1)+a|1-/x
WhiCh x—l x+si:|:i{x—l}—1

=—1is

Ans. 2

Solution.

I-x
]im{—ar+ sm{x—‘l)+a}1—q"§ _1

x+sin(x—1)-1 4

x—3l 4

) Hx
_ lim a[l—r)+*i=.m(x—1}
x| (x=1)+sin(x-1)

sin(x_1) I+x

—a+
lim{— X=1_ [—a+1]2_l

=i [ =5

r_

—=a=00r2
. Largest value of ais 2.

Q.3. Letf: R >R and g : R — R be respectively given by f (x) =| x| + 1 and g(x)
=x2+ 1. Defineh : R — R by

_ |max {f{x],g{x]} ifx=0,
h{xj_{m.in [f(x).g(x)} if x>0.

The number of points at which h(x) is not differentiable is

Ans. 3
x+1, x=0
fix)= x+1={ ’
Solution. ()= —x+1, x<0
g(x)=x*+1
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y=gx)

y =1

From graph there are 3 points at which h(x) is not differentiable.

Q. 4. Let m and n be two positive integers greater than 1.

. rem{u."}—ﬂxll & m
i | =3 s
If then the value of =
Ans. 2
Solution.
FE g g
lim —
o—0 o™ 2
g Emﬁ:‘."—l -1
cosa” -1 —e
= lim = =
a0  cosa” -1 a™ 2
2
H 'D‘-H
-2 sin” @ [ 2 ] g
- = 1:III1 3 by - = —
x—=0 al o 2
2
— %Eﬂzn-m=—§' or aﬂu—m=1
m

3 .
i X505 _
Q.5. et P < R pe sych that *»0ox—sinx Then 6 (0. + B) equals.
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Ans. 7

Solution.

2.
]jmxsmﬂx=

- 1
x—0 X —SINX

3
- ]jmx—l?_' =1
x—00X —5INX

3
= lim xp =1
x—}ﬂm{ I'X x3+xj X?_'_ m\]
£V I J
3
. xp
= lm NER =1
(o-Dx+> -+ @
3t Al

For above to be possible, we should have

1
{1—1=ﬂzmdﬁ=ﬁ
—oa=landp= 5

.'_6({1+[5]=6[1+%] =7
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